This paper presents the solution for transient heat conduction around a cylindrical irregular inclusion of infinite length, inserted in a homogeneous elastic medium and subjected to heat point sources placed at some point in the host medium. The solution is computed in the frequency domain for a wide range of frequencies and axial wavenumbers, and time series are then obtained by means of (fast) inverse Fourier transforms into space-time. The Boundary Element Method (BEM) is then used to evaluate the temperaturefield generated by a point source in the presence of a cylindrical inclusion, with a non-circular cross-section, inserted in an unbounded homogeneous medium. Simulation analyses using this model are then performed to study the transient heat conduction in the vicinity of these inclusions.
Introduction
A useful reference work on heat transfer is Carslaw and Jaeger's book [l] , which contains analytical solutions and Green's functions for the diffusion equation. It also includes an extensive survey of the numerical methods currently used to solve this equation, conveniently grouped by the way they deal with the timedependent terms. There are two different groups: the first corresponds to a "time marching" approach in which the solution is evaluated step by step at successive time intervals after an initial state has been defined; the second makes use of the Laplace transform, obtaining the solution for a sequence of values of the transform parameter, and then performing a numerical transform inversion to compute the physical variables in the real space. For the "time marching" approach, the BEM may be used to obtain the solution at each time step in the time domain. Chang et al. [2] proposed the first time-domain direct boundary integral method to study planar transient heat conduction. Work by Shaw [3] also used a time-dependent fundamental solution in the study of diffusion in three-dimensional bodies. A Boundary Element Method (BEM) for axisymmetric diffusion problems was later developed by Wrobel and Brebbia [4] . Dargush and Banerjee [5] used a time-domain BEM approach for planar, threedimensional and axisymmetric diffusion analyses, making use of a time-domain convolution. The first work employing a Laplace transform and based on a boundary integral representation for the transient heat conduction analysis was proposed by Rizzo and Shippy [6] . Their technique used the Laplace transform to produce a timeindependent boundary integration in the transform domain. In the last decade, several solutions were developed for the diffusion type problem, using Laplace transforms. Examples are the works of Cheng et al. [ 7 ] , Zhu et al. [g] and Zhu and Satravaha [9] . A Laplace Transform Boundary Element Method approach was recently used by Sutradhar et al. [l01 to solve the three-dimensional transient heat conduction in functionally graded materials, with thermal conductivity and heat capacitance varying exponentially in one coordinate. Many of the works referenced here used the Laplace transform to move the solution from the time domain to a transform domain. In our work, the time Fourier Transform is used to obtain the solution for transient heat conduction in an infinite homogeneous elastic medium containing a cylindrical irregular inclusion of infinite length, subjected to heat point sources placed at some point in the host medium. Since the geometry is assumed to remain constant along one direction, the solutions can be obtained by means of a spatial Fourier transform in the direction in which the geometry does not vary (the z direction), requiring the solution of a sequence of 2D problems with different spatial wavenumbers k , .
Then, using the inverse Fourier transform, the 3D field can be synthesized. Responses in the time domain can then be computed by means of (fast) inverse Fourier transforms into space-time. In this process, complex frequencies are used to avoid aliasing phenomena. Additionally, the use of complex frequencies shifts down the frequency axis in the complex plane, to remove the singularities on (or near) the axis, and to minimize the influence of the neighboring fictitious sources. This paper is organized as follows: first, the basic equations of the diffusion problem are described; then, the main integrals required to solve the BEM are indicated, including the necessary Green's functions; the BEM model is then used to simulate the propagation of heat generated by a point heat source placed in the vicinity of a solid inclusion, with time responses being computed at receivers placed both in the host medium and in the inclusion.
Three-dimensional problem formulation
Assuming a homogeneous, isotropic body, the transient heat conduction can be described by the diffusion equation 
density and c is the specific heat. The application of a Fourier transform in the time domain enables this equation to be written in the frequency domain as where i = f i and w is the frequency.
If the geometry of the problem remains constant along one direction (z), it is possible to apply a spatial Fourier transform along that direction and to write the 3D solution as a summation of simpler 2D solutions, each computed for a different spatial wavenumber k , (Tadeu & 
Applying an inverse Fourier transform along k, , the full three-dimensional heat field is obtained. If we assume the existence of virtual sources equally spaced at distance L along z, this inverse Fourier transformation becomes discrete. This allows the solution to be obtained by solving a limited number of twodimensional problems, 2z with k,, being the axial wavenumber given by k,, =-m.
The distance L L must be sufficiently large to avoid spatial contamination from the virtual sources. A similar technique was used by the authors in the analysis of wave propagation inside seismic prospecting boreholes (Tadeu et al. [12] ) and to study the outdoor propagation of sound waves in the presence of obstacles (Godinho et al. [13] ).
Boundary Element formulation
In order to obtain the full three-dimensional heat field generated by a heat point source placed in the vicinity of a solid cylindrical inclusion with an irregular shape, the BEM is used to solve eqn (3) for each value of k z . corresponding to individual 2D problems. Since the literature on the BEM is comprehensive (Wrobel [14] ), the full details of the formulation required for the type of problem presented here is omitted. Thus, only a brief description of the BEM formulation required to solve each two-dimensional problem is given in the present paper. In a homogeneous isotropic solid medium of infinite extent, containing an inclusion of volume V , bounded by a surface S , and subjected to an incident heat field given by F"', the reciprocity theorem may be applied in order to write the relevant boundary integral equations, along the exterior domain -c P " (~, ,~~, k~, w ) =~q "~(x,y,~,,,kz,~)G'"'(x,y.xo,yo,k,,~) ~~~~""(x,~,v,,,x~,y~,k,,w)T"~~"''(x,~,k,. 
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In eqn (5) and eqn (6), superscripts int and ext correspond to the interior and exterior domain respectively, v, is the unit outward normal along the boundary, G and H are respectively the fundamental solutions (Green's functions) for the temperature (T" ) and heat flux ( q ) , at (X, y ) due to a virtual point heat load at -(X,, y,). c is a constant defined by the shape of the boundary, with a value of 1 / 2 if (X,, y , ) )~ S when the boundary is smooth. The two-and-a-half dimensional Green's functions, for temperature and heat flux in Cartesian co-ordinates, are those for an unbounded solid medium, with r = J(x-x,y + (yy,)' and when H, ( ) are Hankel functions of the second kind and order n .
Responses in the time domain
A numerical inverse fast Fourier transform in k Z and frequency domain is used to compute the temperature field in the spatial-temporal domain. In this process, complex frequencies with a small imaginary part of the form q. = wiq (with phenomena. This shift is later taken into account by applying an exponential window of the form ev' to the response in the time domain. The temporal variation of the source can be arbitrary. The application of a time Fourier transformation defines the frequency domain where the BEM solution is required. The frequency domain may range from O.OHz to very high frequencies.
However, we may cut off the upper frequencies of this domain because the responses in the frequency domain decrease very fast as the frequency increases. The frequency O.OHz corresponds to a static response. Given that complex frequencies are used, it becomes possible to compute the response since the argument of the Hankel function is -iv , that is, different from zero.
Applications
In this section the heat field generated by a cylindrical solid inclusion buried in an unbounded solid medium, with a rectangular cross-section is computed. At time t = 139h , a point heat source at a point 0 creates a spherical heat pulse that evolutes as plotted in Figure la , propagating away from 0 with a power that increases linearly from OW to 1000.OW . The field generated is computed at receivers RI, R2 and R3, located in three planes equally spaced (3m) along the z direction. The geometry of the plane containing the point source is illustrated in . The inclusion has been modeled with 80 boundary elements. Figure 2a illustrates the results obtained at receivers RI, R2 and R3. To allow a better understanding of the physics of the problem, the results are compared with those computed at the same receivers for an infinite homogeneous medium, displayed in Figure 2b . For all plots, the time response begins at null temperature, corresponding to the initial conditions defined for the present problem. As the source starts emitting energy ( t = 139.0h ), the temperature increases progressively at the receivers. z = 6.0n concrete medium with rectangular inclusion; b) infinite homogeneous concrete medium.
The receivers located at z = O. Om are the first to suffer a distinct change in temperature. Among these, receiver R I , located closer to the heat source, is the one for which the temperature changes most rapidly. The temperature registered at this point increases smoothly as the energy generated at the source point increases from OW to 1000.OW, reaching approximately 32.0°C when the source reaches maximum power ( t -695.0h ).
Comparing the response at this receiver with that computed for receiver R2, placed inside the inclusion (steel block), it is clear that the temperatures at the latter are much lower, not only because it is placed further away from the source but also because it is inside a material with a much higher diffusivity. In fact, the energy reaching the steel is spread over the full section of the block, at higher velocity than in the host medium, so that the registered temperatures attain lower values, but at a more uniform rate of increase. The presence of this steel block also influences the response at Receiver 3, where the temperature rises at almost the same rate as the temperature of the steel block. The responses computed for the case of an infinite medium confirm the above explanations.
Observing the results computed at receivers placed at z = 3.0m, when the steel block is present, it is possible to note that the temperature evolution at all three receivers is very similar. In fact, the heat propagation occurs mainly through the most conductive material, which, in the present case, is the steel block. For this reason, the highest temperatures are registered at Receiver 2, while the temperatures recorded at the two receivers located in the concrete medium are slightly lower. Analyzing the behavior of the same receivers in an infinite homogeneous medium, it is evident that the heating curves have a distinct evolution, and the dominant factor becomes the distance between the receiver and the source. It is also clear that the maximum temperatures occur at later times, since the concrete has a lower diffusivity than the steel. These conclusions are further confirmed for receivers placed at z = 6.0m. In Figure 3 , a sequence of snapshots displays the temperature field along a transversal grid of receivers placed at z =O.O m and a longitudinal grid of receivers placed at x = -0.75 m . In these figures, the resulting temperature fields are displayed as contour plots. As the heat propagates away from the source, the energy spreads out. At time t = 500h (Figure 3a ) a large amount of energy generated by the point source, has reached the steel block, traveling faster along the longitudinal direction of the inclusion than outside. For the same reason, the regions behind the inclusion along the transversal grid of receivers register higher temperatures than the other regions located at the same distance from the source. As time progresses, the energy continues to spread through the full domain of receivers, generating a progressive temperature increase. For t = 1500h (Figure 3b ), this temperature increase is visible at both grids of receivers. Analyzing the temperature field along the longitudinal grid, it can be noted that the presence of the steel block has allowed a large amount of energy to reach receivers quite a long way from the source. In fact, even for points located at z = 6.0 m , a perceptible increase in temperature is recorded. c) gure 3: Temperature fields registered at the two grids of receivers:
As the source power drops to 0 W , the energy continues to propagate through the media, with a consequent rise in temperature at receivers located further away from the source, and a fall in temperature at receivers located in regions closer to it. This can be observed for t = 1750h (Figure 3c ), at receivers placed along the longitudinal grid. Receivers placed further away from the heat source in the z direction are still exhibiting a slight rise in temperature, while those placed closer to the source have already suffered a significant drop in temperature.
Conclusions
A discrete integration over wavenumbers and frequencies has been used to compute the three-dimensional (3D) heat field generated by harmonic heat point sources heating irregular cylindrical inclusions in an unbounded solid medium. The discretization of the wavenumber-frequency integral transform presented is mathematically equivalent to a periodic sequence of sources, parallel to the axis of the cylinder, that are also periodic in time. We have removed the effects of these periodicities by using complex frequencies.
The method was implemented and used to illustrate the main features of transient heat conduction across media containing a solid inclusion. The time responses obtained confirmed that the method is of use in the analysis of three-dimensional heat propagation in the presence of a two-dimensional geometry.
